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Abstrat
We onsider the eet of Plank sale operators on neutrino mixing. We assume that GUT sale
operators give rise to degenerate neutrino masses with bimaximal mixing. Quantum gravity (Plank
sale) eets lead to an eetive SU(2)L×U(1) invariant dimension-5 Lagrangian involving neutrino
and Higgs elds. This gives rise to additional terms in the neutrino mass matrix on eletroweak
symmetry breaking. These additional terms an be onsidered as a perturbation to the GUT sale
bi-maximal neutrino mass matrix. We assume that the gravitational interation is avour blind
and ompute the deviations of the three neutrino mixing angles due to the Plank sale eets. We
nd that the hanges in θ13 and θ23 are very small but the hange in solar mixing angle θ12 an be
as large as 3.5o.
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I. INTRODUCTION
One of the hallenges in neutrino physis is to explain the pattern of neutrino masses and
mixings whih are dedued from the urrent neutrino data. Presently aepted values of
the mixing angles are θ12 = 34
o ± 7o, θ13 ≤ 12
o
and θ23 = 45
o ± 9o [1℄. It is reasonable to
suppose that the symmetries of the Lagrangian predit the elements of MNS matrix to be
simple frations. In a well-known senario alled bi-maximal mixing [2℄, the mixing angles
are predited to be θ12 = 45
o, θ13 = 0
o
and θ23 = 45
o. Additional eets an modify the
above preditions and lead to values of mixing angles lose to experimentally determined
values. For example, it is well-known that renormalization group evolution from GUT sale
to eletroweak sale an substantially hange the value of θ12 [3℄. The neutrino mass matrix
is assumed to be generated by the see saw mehanism [4℄. Here we will assume that the
dominant part of neutrino mass matrix arises due to GUT sale operators and they lead to
bi-maximal mixing. This matrix an reeive orretions due to physis from higher sale.
The gravitational interation of neutrinos with the Standard Model Higgs eld an be ex-
pressed as an eetive SU(2)L × U(1) invariant dimension-5 operator [5℄,
Lgrav =
λαβ
Mpl
(ψAαǫACψC)C
−1
ab (ψBbβǫBDψD) + h.c. (1)
Here and everywhere below we use Greek indies α, β..for the avour states and Latin
indies i, j, k for the mass states. In the above equation ψα = (να, lα) is the lepton doublet ,
φ = (φ+, φ0) is the Higgs doublet and Mpl = 1.2× 10
19GeV is the Plank mass. λ is a 3× 3
matrix in avour spae with eah element O(1). In eq(1), all indies are expliitly shown.
The Lorentz indies a, b = 1, 2, 3, 4 are ontrated with the harge onjugation matrix C and
the SU(2)L isospin indies A, B, C, D = 1, 2 are ontrated with ǫ, the Levi-Civita symbol
in two dimensions. After spontaneous eletroweak symmetry breaking the Lagrangian in
eq(1) generates additional terms to the neutrino mass matrix
Lmass =
v2
Mpl
λαβναC
−1νβ, (2)
where v=174 GeV is the VEV of eletroweak symmetry breaking.
We assume that gravitational interation is avour blind, that is λαβ is independent of
α, β indies. This is a reasonable assumption beause gauge invariane requires gravity
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to ouple to the spin of a partile and these ouplings are independent of the global U(1)
harges of the partile. Thus the Plank sale ontribution to the neutrino mass matrix is
µ λ = µ


1 1 1
1 1 1
1 1 1

 , (3)
where the sale µ is
µ =
v2
Mpl
= 2.5× 10−6eV. (4)
In our alulation, we take eq(3) as a perturbation to the main part of the neutrino mass
matrix that is generated by GUT dynamis. We ompute the hanges in neutrino mass
eigenvalues and mixing angles indued by this perturbation.
II. CORRECTIONS TO MIXING ANGLES AND NEUTRINO MASS SQUARED
DIFFERENCES
We assume that GUT sale operators give rise to the light neutrino mass matrix, whih in
the mass eigenbasis, takes the form M = diag( M1,M2, M3), where Mi are real and non
negative. We take these to be the unperturbed (0th− order) masses. Let U be the neutrino
mixing matrix at 0th−order. Then the orresponding 0th−order mass matrix M in avour
spae is given by
M = U∗MU †. (5)
The 0th − order MNS matrix U has the form δ
U =


Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

 , (6)
where the nine elements are, in general, funtions of three mixing angles and six phases. In
terms of the above elements, the mixing angles are dened by
|
Ue2
Ue1
| = tanθ12, (7)
|
Uµ3
Uτ3
| = tanθ23, (8)
|Ue3| = sinθ13. (9)
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In terms of the above mixing angles, the mixing matrix is written as
U = diag(eif1, eif2, eif3)R(θ23)∆R(θ13)∆
∗R(θ12)diag(e
ia1, eia2, 1). (10)
The matrix ∆ = diag(e
iδ
2 , 1, e
−iδ
2 ) ontains the Dira phase δ. This phase leads to CP vio-
lation in neutrino osillations. a1 and a2 are the so alled Majorana phases, whih aet
the neutrinoless double beta deay. f1, f2 and f3 are usually absorbed as a part of the
denition of the harged lepton eld. It is possible to rotate these phases away, if the mass
matrix in eq(5) is the omplete mass matrix. However, sine we are going to add another
ontribution to this mass matrix, these phases of the zeroth order mass matrix an have an
impat on the omplete mass matrix and thus must be retained. By the same token, the
Majorana phases whih are usually redundant for osillations have a dynamial role to play
now. Plank sale eets will add other ontributions to the mass matrix. Inluding the
Plank sale mass terms, the mass matrix in avour spae is modied as
M→M
′
= M+ µλ, (11)
with λ being a matrix whose elements are all 1 as disussed in eq(3). Sine µ is small,
we treat the seond term (arising from the Plank sale eets) in the above equation as a
perturbation to the rst term (the GUT sale mass terms). This perturbation formalism
was rst developed in ref. [6℄. Here we briey reall the main features for ompleteness.
The matrix relevant for osillation physis is the following hermitian matrix
M
′†
M
′
=(M+ µλ)†(M+ µλ). (12)
To the rst order in the small parameter µ, the above matrix is
M
†
M+ µλ†M+M†µλ. (13)
This hermitian matrix is diagonalized by a new unitary matrix U
′
. The orresponding di-
agonal matrix M
′2
, orret to rst order in µ, is related to the above matrix by U
′
M
′2
U
′†
.
Rewriting M in the above expression in terms of the diagonal matrix M we get
U
′
M
′2
U
′†
= U(M2 +m†M +Mm)U † (14)
where
m = µU tλU. (15)
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Here M and M
′
are the diagonal matries with neutrino masses orret to 0th and 1th order
in µ. It is lear from eq(14) that the new mixing matrix an be written as:
U
′
= U(1 + iδΘ), (16)
where δΘ is a hermitian matrix that is rst order in µ. Osillation physis is unhanged
under the transformation U → UP , where P is a diagonal phase matrix. We an use this
invariane to set the diagonal elements of the matrix δΘ to be zero.
From eq(14) we obtain
M2 +m†M +Mm = M
′′2
+ [iδΘ,M
′2
]. (17)
Therefore to rst order in µ, the mass squared dierene ∆M2ij = M
2
i −M
2
j get modied as
∆M
′2
ij = ∆M
2
ij + 2(MiRe[mii]−MjRe[mjj ]). (18)
The hange in the elements of the mixing matrix, whih we parametrized by δΘ, is given by
δΘij =
iRe(mij)(Mi +Mj)
∆M
′2
ij
−
Im(mij)(Mi −Mj)
∆M
′2
ij
. (19)
The above equation determines only the o diagonal elements of matrix δΘij . As mentioned
above, the diagonal elements an be set to zero without loss of generality. The expressions
for ∆M
′2
ij in eq(18) and for δΘij in eq(19) were rst obtained in ref [6℄. From the above
equation, we see that δΘij are proportional to the neutrino masses. Thus they are larger
for the ase of degenerate neutrinos. Here onwards we assume degenerate neutrino masses.
Then expression for δΘij simplies to
δΘij =
iRe(mij)
Mi −Mj
−
Im(mij)
Mi +Mj
. (20)
In obtaining the above equation, we made the approximation ∆M
′2
ij = ∆M
2
ij . This is valid
beause the mij term in the numerator is already proportional to µ and we are working to
1st order in µ. For degenerate neutrinos, Mi+Mj ≫Mi−Mj . Thus the expression for δΘij
further simplies to
δΘij =
iRe(mij)
Mi −Mj
. (21)
To obtain the largest eet possible, we assume the largest allowed value of 2 eV for degener-
ate neutrino mass whih omes from tritium beta deay [7℄. We also assume normal neutrino
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mass hierarhy. Thus we have M1 =2 eV, M2 =
√
M21 +∆21 and M3 =
√
M21 +∆31. If all
elements of λ onsist of 1 then mij = zizj , where three omplex numbers zi are dened by
z1 = Ue1 + Uµ1 + Uτ1, (22)
z2 = Ue2 + Uµ2 + Uτ2, (23)
z3 = Ue3 + Uµ3 + Uτ3. (24)
As in the ase of 0thorder mixing angles, we an dene 1st order mixing angles in terms of
1st order mixing matrix elements in a manner similar to eq(19)
tanθ
′
12 = |
U
′
e2
U
′
e1
| (25)
tanθ
′
23 = |
U
′
µ3
U
′
τ3
| (26)
sinθ
′
13 = |U
′
e3|. (27)
From eq(16), we get
δUαj = U
′
αj − Uαj = i
3∑
i=1
UαiδΘij (28)
Substituting the expressions for δΘij from eq(21) (and δΘii = 0) in the above equation, we
obtain
δUe1 = µ
(
Ue2
Re(z1z2)
M2 −M1
+ Ue3
Re(z1z3)
M3 −M1
)
, (29)
δUe2 = µ
(
Ue1
Re(z1z2)
M2 −M1
+ Ue3
Re(z2z3)
M3 −M2
)
, (30)
δUe3 = µ
(
Ue1
Re(z1z3)
M3 −M1
+ Ue2
Re(z2z3)
M3 −M2
)
, (31)
δUµ3 = µ
(
Uµ1
Re(z1z3)
M3 −M1
+ Uµ2
Re(z2z3)
M3 −M2
)
, (32)
δUτ3 = µ
(
Uτ1
Re(z1z3)
M3 −M1
+ Uτ2
Re(z2z3)
M3 −M2
)
. (33)
For degenerate neutrinos, M3 −M1 ∼= M3 −M2 ≫ M2 −M1 beause ∆31 ∼= ∆32 ≫ ∆21.
Thus, from the above set of equations, we see that δUe1 and δUe2 are muh larger than
δUe3, δUµ3 and δUτ3. Hene we an expet muh larger hange in θ12 ompared to θ13 and
θ23.
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III. NUMERICAL RESULTS
As mentioned in the introdution, we expet the mixing angles oming from GUT sale
operators to be determined by some symmetries. We assume these symmetries give riso to
a bi-maximal mixing pattern, θ12 = θ23 = π/4 and θ13 = 0. Using eq(25) to eq(27), we
ompute the modied mixing angles for the degenerate neutrino mass of 2 eV. We have
taken ∆31 = 0.002eV
2
[8℄ and ∆21 = 0.00008eV
2
[9℄. For simpliity, we have set the harged
lepton phases f1 = f2 = f3 = 0. Sine we have set θ13 = 0, the Dira phase δ drops out
of the 0th order mixing matrix. From eq(22) to eq(24) we see that the omplex numbers
z1, z2 and z3 are independent of δ and hene all deviations in Uαj are independent of δ.
The omplex nature of z1, z2 and z3 omes from the Majorana phases a1 and a2, whih we
take to be non-zero. We ompute the modied mixing angles as funtion of a1 and a2. In
table 1, we list the modied neutrino mixing angles for some sample values of a1 and a2.
As shown in the table, the deviation in θ13 and θ23 is negligibly small whereas the deviation
in θ12 is signiant. In g(1), we show ontours of onstant deviation, δθ12 = θ
′
12 − θ12), vs
a1 and a2.
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Figure 1: Deviation of θ12 as a funtion of the Majorana phases in the ase of bi-maximal mixing.
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Figure 2: Deviation of θ12 as a funtion of the Majorana phases in the ase of tri-bi-maximal mixing.
From g(1), we see that Plank sale eets redue θ12 from the bi-maximal value of 45
o
to
about θ
′
12 = 41.5
o. This is the present 3σ upper limit of the solar mixing angle. Thus we see
that Plank sale eets an bring down bi-maximal θ12 to within experimentally aeptable
range. In our disussion above, we have not inluded the renormalization group running.
The matrix in eq(3) arises at Plank sale. Its renormalization group running from Mpl to
MGUT is negligible. Thus, at MGUT , the total interation matrix, that eventually gives rise
to neutrino mass matrix on eletroweak symmetry breaking, is the sum of GUT sale matrix
and the Plank sale matrix. Renormalization group running modes these ouplings from
their GUT values to low energy values [3℄. This an lead to lower values of θ
′
12, muh loser
to the experimental best t value.
Reently various authors onsidered tri-bi-maximal mixing senario whih predits sin2θ12 =
1/3 or θ12 = 35
o, in order to obtain a value lose to the best t value [10℄. We omputed
the modied mixing angles for this senario also, that is for the input values θ12 = 35
o,θ13 =
0oand θ23 = 45
o. Neutrino masses are kept to be the same as in the previous ase. The
modied mixing angles are shown in table (2). In g (2) the deviation of θ12is plotted as a
funtion of a1 and a2. We see that deviation in θ12 is about ±3
o
. The range of θ12 given by
this deviation spans 1σ range of solar neutrino mixing angle.
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a1 a2 θ
′
12 θ
′
23 θ
′
13
0 0 48.57 45.00 0.28
0 45 46.87 44.93 0.22
0 90 44.99 44.86 0.13
0 135 46.94 44.93 0.22
0 180 48.57 45.00 0.28
45 0 46.68 45.07 0.22
45 45 44.96 45.00 0.20
45 90 43.09 44.93 0.09
45 135 45.03 45.00 0.14
45 180 46.68 45.07 0.22
90 0 45.00 45.14 014
90 45 43.28 45.07 0.10
90 90 41.42 45.00 0.00005
90 135 43.00 45.07 0.10
90 180 45.00 45.14 0.14
135 0 46.68 45.07 0.22
135 45 44.96 45.00 0.14
135 90 43.09 44.93 0.09
135 135 45.03 45.00 0.20
135 180 46.68 45.07 0.22
180 0 48.57 45.00 0.22
180 45 46.87 44.93 0.22
180 90 44.99 44.86 0.13
180 135 46.94 44.93 0.22
180 180 48.57 45.00 0.28
Table I: The modied mixing angles for various values of phases. Input values are ∆31 =
0.002eV 2, ∆21 = 0.00008eV
2
, θ12 = θ23 = 45
o
, θ13 = 0
o
.
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a1 a2 θ
′
12 θ
′
23 θ
′
13
0 0 38.51 45.00 0.28
0 45 36.82 44.93 0.23
0 90 34.99 44.86 0.18
0 135 36.88 44.93 0.23
0 180 38.51 45.00 0.28
45 0 36.63 45.06 0.21
45 45 34.97 45.00 0.19
45 90 33.26 44.93 0.13
45 135 35.09 45.00 0.15
45 180 36.63 45.06 0.21
90 0 35.00 45.13 0.09
90 45 33.43 45.06 0.06
90 90 31.77 45.00 0.00005
90 135 33.49 45.06 0.05
90 180 35.00 45.13 0.09
135 0 36.63 45.06 0.21
135 45 35.04 45.00 0.14
135 90 33.26 44.93 0.13
135 135 35.02 45.00 0.19
135 180 36.63 45.06 0.21
180 0 38.51 45.00 0.28
180 45 36.82 44.94 0.24
180 90 34.99 44.86 0.18
180 135 36.88 44.94 0.24
180 180 38.51 45.00 0.28
Table II: The modied mixing angles for various values of phases. Input values are |∆31| =
0.002eV 2, ∆21 = 0.00008eV
2
, θ12 = 35
o, θ23 = 45
o
, θ13 = 0
o
.
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IV. CONCLUSIONS
It is expeted that symmetries at GUT sale will determine the neutrino mixings. Bi-
maximal mixing is one of the attrative theoretial ideas proposed in this ontext. However,
the solar neutrino data show that the mixing angle θ12 is substantially less than π/4. In this
paper, we studied how neutrino mass terms arising from Plank sale eets modify the bi-
maximal mixing senario. We onsider these additional mass terms to be perturbation to the
main neutrino mass matrix oming from GUT sale and omputed the rst order orretions
to neutrino masses and mixings. The hanges in all three mixing angles are proportional
to the neutrino mass eigenvalues. To maximise the hange we assumed degenerate neutrino
masses ≃ 2.0 eV. For degenerate neutrino masses, the hanges in θ13 and θ23 are inversely
proportional to ∆31 and ∆32 respetively, whereas the hange in θ12 is inversely proportional
to ∆21. Sine ∆31 ∼= ∆32 ≫ ∆21, the hange in θ12 is muh larger than the hanges in θ13 and
θ23. The atual magnitude of hange also depends on the Majorana phases a1 and a2 but
is independent of Dira phase δ, beause we assumed that θ13 at 0
th
order is zero. In ref.
[6℄, it was shown that the hange in θ13, due to this perturbation, is small. Here we show
that the hange in θ23 also is small (less than 0.3
o) but the hange in θ12 an be substantial
(about ±3o). If θ12 at 0
th
order is 45o, the hange indued by the Plank sale terms an
bring it down to 41.5o, whih is the 3σ upper limit of the solar mixing angle.
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